A detailed survey (la)? of the variations in crown curvature, knuckle curvature and thickness of a number of thin torispherical pressure vessel ends has shown that actual dimensions may differ significantly from nominal dimensions.
INTRODUCTION
A detailed shapefthickness survey of a series of very thin stainless steel pressure vessel ends was carried out by Campbell and Stanley (1-4). These were full-size torispherical ends manufactured from an austenitic stainless steel, using either the 'crown and segment' or 'pressed and spun' constructions. A 'pressed and spun' end is formed from a single flat circular sheet while a 'crown and segment' end is fabricated from a number of preformed panels. This survey showed some significant departures in the dimensions of the actual torispherical end closures from their nominal design values. Consequently, it can be anticipated that stress levels in the vessels, when subjected to internal pressure, will also differ from intended values. This paper describes work using finite element analysis to establish the extent of the departure of stress levels from those in corresponding geometrically perfect ends, in typical imperfect thin-walled torispherical end closures covered by Stanley and Campbell (4). Only imperfections in the meridional plane have been considered in this paper, so that the models analysed are assumed to be axis ymmetric. Fig. 1 Figure 1 shows a cylindrical pressure vessel with typical torispherical end closures. The end comprises a portion of a toroid (the knuckle), capped by a spherical segment (the crown). There is no discontinuity in slope at either the drum-knuckle junction or the knuckle-crown junction. The end dimensions (t, r, R, h) can be expressed by a set of non-dimensional parameters (tfD, rfD, RID, h/D) together with the knuckle angle (a). Geometrically an end is completely defined by the thickness parameter (tfD) and any other two of the above parameters. Table 1 shows the dimensions of the end models; these are the spun ends described by Stanley and Campbell (4). The model series covers a practically useful range of knuckle radius (0.056 < rJDi < 0.1 1 l), crown radius (0.722 < RJD, < 1.0) and knuckle angle (48" < Q < 64"). To aid comparisons, the end numbers in Table 1 correspond to those of Stanley and Campbell (4).
Notation (see

Models analysed
Mesh generation, element type and boundary conditions IDEAS (5)
is a commercial CAD/CAE (computer aided designlengineering) package which was used for pre-and post-processing of the finite element mesh and display of the results. IDEAS was then interfaced with the general purpose finite element software ABAQUS(6) to calculate stresses.
Axisymmetric double-ended models of the pressure vessels were considered and because of the double symmetry only one-quarter of each model was analysed. Loading was due to internal pressure. Three-noded parabolic axisymmetric shell elements (designated SAX2 in reference (6)) were used for finite element mesh discretization. Although these are shell elements, they are also simple extensions of the beam elements. The extension is the addition of the circumferential stress components to the already existing meridional components. They are thus one-dimensional (5), deforming in a meridional plane. The Cartesian coordinates in this plane are r(radia1) and z(axia1 position); degrees of freedom are radial and axial displacements and rotation in the rz plane. This type of element uses two-point integration for the stiffness and three-point integration for the load distribution of a quadratic interpolation function. SAX2 use a consistent mass matrix.
In the models analysed, best agreement with experimental results was obtained by assuming geometric linearity. This contrasts with the findings of Galletly and Moffat (7) who obtained better agreement by including geometric non-linearities. The present work is concerned with vessels of similar thickness-diameter ratios to those considered by Galletly, but of different material; i.e. steel rather than aluminium. The considerable difference in Young's modulus values, giving rise to smaller displacements in steel vessels, may account for the different outcomes of the linear and non-linear analyses, but this proposition needs further work to confirm it. In both the present work and that of Galletly, the higher stress values result from linear analysis, and so the data presented here are likely to be conservative. For boundary conditions, the pole (point A in Fig. 1 ) was fixed in the radial direction (r), while point B, 'remote' from the drum-knuckle junction, was fixed in the axial direction. Both points were restrained against rotation in the rz plane. Figure 2 shows part of a typical perfect torispherical end (curve a), together with the 
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;',' -1 exaggerated deformed profile, due to internal pressure, obtained from the analysis. It can be seen that the knuckle displaces inwards and the crown area has the maximum displacement. The ABAQUS package allows shell thicknesses to be specified at the nodes. This option simplifies the definition of non-constant shell thicknesses such as those found in composites, injection moulded components and pressure vessels. For the variable thickness analysis, the shell thickness is interpolated from the specified nodal thickness values. For elements with more than one integration point, this approach results in a thickness which can vary over the element. For the analysis the mean dimensions of the end and cylinder were considered throughout because the elements lie on the shell middle surface.
The computational analyses were carried out on HP735 and Cray EL98 computers.
--
RESULTS
A series of finite element (FE) analyses has been conducted on 11 different torispherical ends (Table l) , both before and after the introduction of different forms of shape imperfections. These shape imperfections are curvature and thickness variations in the end, which in some cases differ significantly from nominal dimensions. In order to assess the importance of these shape imperfections on the stresses developed in the torispherical ends, the real vessels with curvature and thickness variations were modelled, analysed and then the results compared with corresponding perfect ends.
The finite element analysis results were examined in terms of stress indices for inner and outer surface circumferential and meridional stresses. These were normalized to the nominal circumferential stress in the cylinder.
Tonspherical pressure vessels with perfect ends
To judge the effects of curvature and thickness variations in pressure vessels, it was first necessary to determine stresses in perfect end closures. The nominal dimensions of the ends studied are given in Table 1 . Columns 2 to 5 of Table 2 show the stress indices for these ends with perfect geometries for the knuckle and crown.
It can be seen that the compressive outer surface circumferential stress index I,, is the greatest stress in the end in all cases. Generally, for constant values of cylinder diameter and crown radius, the stress index increases as the knuckle radius decreases. End 12, with the smallest value of r/D, has the maximum stress index. For constant values of cylinder diameter and knuckle radius, increasing crown radius is associated with increasing stress index. However, in the cases studied, the maximum stresses, as opposed to stress indices, occur in the vessels with the greatest cylinder diameter.
The distribution of circumferential and meridional stress indices on the inner and outer surfaces of end 3 are shown in Fig. 3 . Stress index values are plotted against the z coordinate in the end, knuckle and cylinder. The stresses in the end near to the pole and also along the cylinder far from the knuckle-cylinder junction are uniform, but elsewhere are highly non-linear with respect to z, especially in the knuckle region. The inner and outer surface meridional stresses are almost equal in magnitude but opposite in sign, indicating a predominance of bending. Circumferential stresses on the inner and outer surfaces are almost equal both in magnitude and sign, as is typical of membrane stresses. These circumferential stresses are tensile in the crown and cylinder but compressive in the knuckle region (7). The maximum stress is the circumferential compression on the outer surface of the knuckle. This confirms results obtained by other 
2.4
investigators (8) and is an important reason for buckling of thin torispherical end pressure vessels in the knuckle region. This feature contrasts with the stress distribution in torispherical pressure vessels with thick ends in which the maximum stress is the tensile meridional stress on the inner surface of the knuckle. The outer surface meridional stress has a peak tensile value in the end, close to the crown-knuckle junction, and then decreases sharply into the knuckle. Except for the inner surface meridional stress, which is highly tensile, the stresses on the crown side of the knuckle area are highly compressive. In end 3 the curvature of the crown varies from 0.008 to 0.028 in-' (O.OOO314 to 0.001 102 mm-I), the nominal value being 0.018 in-' (O.OOO708 mm-'). Thereafter the curvature decreases to a negative value just before the crown-knuckle junction before increasing steeply at the junction. In ends 4 and 5 the curvature variations are of same general form as those in end 3 but tend to be greater. Ends 4 and 5 show significant negative curvatures in the crown just before the crown-knuckle junction. The measured curvatures are within f 13 per cent of the nominal value, with the maximum departure at the crown-knuckle junction.
A FORTRAN computer program was developed to read in the curvatures at a series of points on the end and calculate their coordinates assuming there is a circular arc of the given curvature between any two adjacent points. For the best accuracy the chosen points were closely spaced. To maximize smoothness and prevent shape oscillation, spline fitting was used through the points (see references (9) and (10)). To verify this method, a series of points was chosen on a perfect end and then a spline was fitted through the points to model the end. The shape produced matched the perfect end constructed from two circular arcs, and subsequent FE analysis showed that the stress values were identical in both ends. Figure 8 shows to scale the shape of end 3 with the curvature imperfections indicated in Fig. 5 , and also the comparable perfect geometry. This indicates that profile errors that are not immediately apparent nevertheless result in significant stress differences from design values.
Thickness variations in ends of perfect projle
In order to assess the effect of thickness variations in stresses developed in pressure vessel ends, the ends with perfect curvatures but with thickness variations were
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. / , . . . analysed. Columns 6 to 9 of Table 2 parison with the perfect end, the trends of the stress distributions are similar. The greatest difference occurs in the cylinder at about 25 mm from the knuckle-cylinder junction. Here the imperfect end has slightly greater and sharper peaks in the meridional stresses.
Curvature variations in end of uniform thickness
In order to assess the effect of curvature variations only, it was assumed that the thickness was uniform on the end (nominal value) and stress analysis was carried out on Table 2 show the stress indices for these ends. Here the differences between the indices for perfect ends and those with curvature variations are quite con- However, the indications of this study are that discreg ancies in curvature have a considerably greater effect on stress levels than variations in thickness. The distribution of circumferential and meridional stress indices on the inner and outer surfaces of end 3 with curvature variations only are shown in Fig. 10 . In comparison with the perfect end, the trends of the stress distributions are similar, but the peak in the inner surface meridional stress has increased and moved nearer the end.
3.2.3
Columns 14 to 17 of Table 2 show the FE results of As may be anticipated from the foregoing study of separate thickness and curvature variations, the combined effect is dominated by curvature variations with some modification due to thickness changes. In some cases the latter add to the changes due to curvature imperfections, while in other cases the stress increases are moderated by the thickness effects. The greatest stresses in the ends considered vary from values for perfect ends by -23 to + 28 per cent. Figure 11 shows the stress distributions in real end 3 with thickness and curvature variations. Stress distribution trends are similar to the perfect end except in two regions. Firstly, in the crown near the pole there are large fluctuations of stresses which are due to large variations of curvatures in this region, while in the perfect end the distributions are quite uniform. Secondly, in the perfect end the inner and outer surface meridional stresses and also inner and outer surface circumferential stresses, respectively, cross each other on the cylinder-knuckle junction, while in the end with thickness and curvature variations they cross in the knuckle just before the junction. Columns 18 to 21 of Table 2 show the stress indices of all the spun ends determined by the use of electrical resistance strain gauges on full-sized vessels (1). The corresponding FE results are those in columns 14 to 17. The vessel with end 8 shows large differences in the results obtained by the two techniques and warrants further investigation. For the other five ends analysed by both techniques, the differences are within -15 and + 20 per cent. Two points may be considered in explaining this JOURNAL OF STRAIN ANALYSIS VOL 31 NO 4 1996 @ IMechE 1996 wide difference. Firstly, the ERS gauge technique, being a point-by-point method, will not always yield the true peak stress value. Secondly, the FE models assume rotational symmetry, whereas the real vessels had circumferential variations of thickness and curvature.
Comparisons offinite element and experimental data
Figures 12 and 13 show the effect of crown radius on the peak stress indices I,, and li, respectively. They show the FE result for perfect and real ends and also experimental results. As mentioned before, the FE results show that the stress indices increase with an increase in crown radius.
CONCLUSIONS
Finite element models of thin-walled cylindrical pressure vessels with torispherical ends have been developed in order to assess the effects of thickness and curvature variations on the peak stresses developed. With imperfections found in typical manufacturing procedures, stresses have been shown to differ by a significant amount (up to 60 per cent) from those to be expected in perfectly formed vessels. The greatest changes are due to curvature variations, but the effects of thickness variations are also significant.
The large stress differences highlighted in this paper warrant further comprehensive detailed study to establish the value of present design standards. 
